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A COARSE INVARIANT
A. FOX, B. LABUZ, AND R. LASKOWSKY
Abstract. This note extends the invariant of metric spaces under bornolo-
gous equivalences defined in [1] to the coarse category.
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1. Introduction
A coarse function f : X → Y between metric spaces is a function that is bornol-
ogous and proper. f is bornologous if for each N > 0 there is an M > 0 such that
if d(x, y) ≤ N , d(f(x), f(y)) ≤M . In this setting we call f proper if inverse images
of bounded sets are bounded.
Notice bornology is dual to continuity. Thus bornology is a fundamental concept
of coarse (or large scale) geometry just as continuity is a fundamental concept
of topology (small scale geometry). We are studying the large scale behavior of
functions and large scale properties of spaces.
Two metric spaces X and Y are coarsely equivalent if there are coarse functions
f : X → Y and g : Y → X such that g ◦ f is close to idX and f ◦ g is close to
idY . Two functions f1 and f2 are close if d(f1(x), f2(x)) is uniformly bounded. A
standard reference for the preceding concepts and coarse geometry in general is [2].
In [1] an invariant in the bornologous category is constructed. This note extends
the construction in [1] to the coarse category. Bornologous equivalence is more
strict than coarse equivalence. For bornologous equivalence f ◦ g and g ◦ f are
required to be the identity on the nose. Coarse equivalence can be viewed as being
in the category where, instead of considering functions, one considers equivalence
classes of functions. Two functions are equivalent if they are close.
The standard example of two coarsely equivalent spaces is R and Z (see Example
5.1). Of course these spaces cannot be bornologously equivalent because they do
not have the same cardinality. We can explain interest in the coarse category as
opposed to the bornologous category as follows. Since we are interested in large
scale behavior, we should ignore all small scale behavior including cardinality. We
should not care whether the number of points in a neighborhood is finite or infinite.
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2. Previous construction
We recall the construction from [1]. Fix a basepoint x0 ∈ X . Given N > 0,
an N -sequence in X based at x0 is an infinite list x0, x1, . . . of points in X with
d(xi, xi+1) ≤ N for each i ≥ 0. Since we are interested in the large scale structure of
X , we are only interested in sequences that go to infinity. An N -sequence x0, x1, . . .
goes to infinity if d(x0, xi)→∞. Let SN (X, x0) be the set of all N -sequences in X
based at x0 that go to infinity.
We call two sequences s, t ∈ SN (X, x0) equivalent if there is a finite list s0, . . . , sn ∈
SN (X, x0) with s0 = s, sn = t, and for each i ≥ 0, si+1 is either a subsequence of
si or si is a subsequence of si+1. If si is a subsequence of si+1 we say si+1 is a
supersequence of si. Let [s]N denote the equivalence class of s in SN (X, x0) and
let σN (X, x0) be the set of equivalence classes.
The cardinality of the set σN (X, x0) is the desired invariant. It essentially deter-
mines the number of different ways of going to infinity in X . Since this cardinality
depends on N , we have the following definition. For each integer N > 0 there is
a function φN : σN (X, x0)→ σN+1(X, x0) that sends the equivalence class [s]N to
the equivalence class [s]N+1. X is said to be σ-stable if there is a K > 0 for which
σN is a bijection for each integer N ≥ K. If X is σ-stable let σ(X, x0) denote the
cardinality of σK(X, x0).
It would be better to call X “σ-stable with respect to x0” since apparently this
definition depends on basepoint. In fact it does not; this issue is addressed in the
next section.
The following is the main theorem of [1]. It is the theorem that we wish to
extend to coarse equivalences.
Theorem 2.1 ([1], Theorem 3.2). Suppose f : X → Y is a bornologous equivalence
between metric spaces. Let x0 be a basepoint of X and set y0 = f(x0). Suppose X
and Y are σ-stable. Then σ(X, x0) = σ(Y, y0).
3. Change of basepoint in σ-stable spaces
As mentioned above, the definition of σ-stable depends on the choice of base-
point. We show that in fact a space being σ-stable is independent of basepoint.
Lemma 3.1. Suppose x0, y0 ∈ X and n ≥ d(x0, y0). Let zn : σn(X, x0) →
σn(X, x1) be the function that sends the equivalence class of a sequence x0, x1, x2, . . .
to the equivalence class of y0, x0, x1, x2, . . .. Then zn is a bijection.
Proof. Let wn : σn(X, y0) → σn(X, x0) be the function that sends the equivalence
class of a sequence y0, y1, y2, . . . to the equivalence class of x0, y0, y1, y2, . . .. We show
that zn and wn compose to form the identities and thus zn must be a bijection.
Suppose [(xi)] ∈ σn(X, x0). Then (wn ◦ zn)([(xi)]) is the equivalence class of the
sequence x0, y0, x0, x1, . . . which is a supersequence of (x0). Similarly, zn ◦wn is the
identity on σn(X, y0). 
Proposition 3.2. Suppose a metric space X is σ-stable with respect to a basepoint
x0 ∈ X. Let y0 ∈ X. Then X is σ-stable with respect to y0 and σ(X, x0) = σ(X, y0).
Proof. Let N ∈ N be such that φn : σn(X, x0) → σn+1(X, x0) is a bijection for all
n ≥ N . Choose M ∈ N such that M ≥ N, d(x0, x1). Suppose n ≥ M . Then the
following diagram commutes.
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σn+1(X, x0)
zn+1✲ σn+1(X, y0)
σn(X, x0)
φn
✻
zn✲ σn(X, y0)
ψn
✻
Since φn, zn, and zn+1 are bijections, so is ψn. 
4. The invariant
Theorem 4.1. Suppose X and Y are coarsely equivalent and σ-stable. Then
σ(X) = σ(Y )
Proof. Suppose f : X → Y and g : Y → X compose a coarse equivalence. Let x0
be a basepoint in X and y0 = f(x0) be a basepoint in Y . Because g ◦ f is close to
idX , we can say that there is a D such that d(x, g ◦ f(x)) ≤ D for all x ∈ X . Let K
be the integer provided by X being σ-stable and K ′ be the integer provided by Y
being σ-stable. As f is bornologous, there is an M such that f sends K-sequences
toM -sequences in Y . We can assumeM ≥ K ′. Similarly, because g is bornologous,
there is an L such that g sends M -sequences to L-sequences in X , choosing L ≥ D.
Let zL : σL(X, x0)→ σL(X, g ◦f(x0)) be the function that sends the equivalence
class of x0, x1, . . . to the equivalence class of g ◦ f(x0), x0, x1, . . .. We chose L ≥ D,
so we can say that this addition does not prevent x0, g ◦ f(x0), x1, . . . from being
an L sequence. By 3.1 we know zL is a bijection.
Let fK be the function that sends an element[s]K ∈ σK(X, x0) to the element
[f(s)]M ∈ σM (Y, f(x0)) and let gM be the function that sends an element [s]M ∈
σM (Y, f(x0)) to the element [g(s)]L ∈ σ(X, g ◦ f(x0)).
We show the following diagram commutes:
σL(X, g ◦ f(x0))
σL(X, x0)
zL
✻
σK(X, x0)
φKL
✻
fK
✲ σM (Y, f(x0))
gM
✛
Let (xn) be a K-sequence in X . Then g ◦ f([(xn)]) is the equivalence class of the
sequence g ◦ f(x0), g ◦ f(x1), . . . and zL ◦ φKL([xn]) is the equivalence class of the
sequence g ◦ f(x0), x0, x1, . . .. Consider the sequence
g ◦ f(x0), x0, x1, g ◦ f(x1), g ◦ f(x2), x2, x3, g ◦ f(x3), g ◦ f(x4), . . .
There are three distances to consider: the distance between successive elements of
xn, the distance between successive elements of g ◦ f(xn), and the distance between
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any xi, and its counterpart g ◦f(xi). Because d(xi, g ◦f(xi)) ≤ D, d(xi, xi+1) ≤ K,
and d(g ◦ f(xi), g ◦ f(xi+1)) ≤ L, the unioned sequence is an L-sequence. Further,
because the two sequences xn and g ◦ f(xn) are visited in order, we can say that xn
and g ◦ f(xn) are both subsequences of this union. Thus, the diagram commutes.
Since zL ◦ φKL is a bijection, fK must be one-to-one.
Symmetrically we can see that the following diagram commutes where S is chosen
so that d(y, f ◦g(y)) ≤ S for all y ∈ Y and d(f(x), f(y)) ≤ S whenever d(x, y) ≤ L.
σS(Y, f ◦ g ◦ f(x0))
σS(Y, f(x0))
zM
✻
σL(X, g ◦ f(x0) ✛
gM
fL
✲
σM (Y, f(x0))
ψMS
✻
Thus gM must be one-to-one which forces fK to be onto. Then we have that fK
is a bijection.

5. Some examples
We begin with the standard example of a coarse equivalence.
Example 5.1. [2] Consider R and Z as metric spaces under the usual metric. Let
f : R → Z be the floor function, x 7→ ⌊x⌋. Let g : Z → R be the inclusion, n 7→ n.
It is easy to see that f and g are coarse and that g ◦ f and f ◦ g are close to the
identities (g ◦ f is the identity). Corollary 3.7 in [1] says that σ(R) = 2. Since Z is
coarsely equivalent to R we must have σ(Z) = 2 also. Of course we can see these
two sequences in Z.
Next we give another way to calculate σ(V ) where V is the vase from [1, Example
1.3]. We first give a basic lemma.
Lemma 5.2. Suppose f : X → Y is any function and g : Y → X is bornologous.
Suppose that g ◦ f is close to the identity on X. Then f is proper.
Proof. Suppose A ⊂ Y is bounded, say d(x, y) ≤ N for all x, y ∈ A. Suppose
x, y ∈ f−1(A). Then f(x), f(y) ∈ A so d(f(x), f(y)) ≤ N . Since g is bornologous
there is an M > 0 so that d(g ◦ f(x), g ◦ f(y)) ≤ M . Now since g ◦ f is close
to the identity there is an R > 0 so that d(g ◦ f(x), x), d(g ◦ f(y), y) ≤ R. Thus
d(x, y) ≤ d(x, g ◦ f(x)) + d(g ◦ f(x), g ◦ f(y)) + d(g ◦ f(y), y) ≤M + 2R. 
Example 5.3. Let V = {(−1, y) : y ≥ 1} ∪ {(x, 1) : −1 ≤ x ≤ 1} ∪ {(1, y) : y ≥
1} ⊂ R2. Following [1] we will use the taxicab metric which is bornologously (and
therefore coarsely) equivalent to the standard metric. We show that V is coarsely
equivalent to the ray [1,∞) and therefore σ(V ) = σ[1,∞).
A COARSE INVARIANT 5
First let us note that σ[1,∞) is fairly easy to calculate. Suppose N ≥ 1. By
[1, Lemma 2.4] an N -sequence s = {si} in [1,∞) goes to infinity if and only if
limi→∞ s = ∞. In particular [(i)] ∈ σN [1,∞). Also, given [s] ∈ σN [1,∞), since
limn→∞ s =∞ we see that s is equivalent to an increasing sequence t and if we put
t and (i) together using the order on R we obtain the desired equivalence between
s and (i). We have shown that σN [1,∞) = {[(i)]} so σ[1,∞) = 1.
Now we define a coarse equivalence between V and [1,∞). Define f : V → [1,∞)
to send a point (x, y) ∈ V to y ∈ [0, 1). Let g : [1,∞) → V send y ∈ [1,∞) to
(1, y) ∈ V . We have that f ◦ g(y) = y for all y ∈ [1,∞) so f ◦ g is the identity on
the nose. Given (x, y) ∈ V , d(g ◦ f(x, y), (x, y)) = |x − 1| + |y − y| ≤ 2 so g ◦ f is
close to the identity.
By the lemma we need only to check that f and g are bornologous. Suppose N >
0, (x1, y1), (x2, y2) ∈ V , and d((x1, y1), (x2, y2)) ≤ N . Then d(f(x1, y1), f(x2, y2)) =
|y1 − y2| = d((x1, y1), (x2, y2)) − |x1 − x2| ≤ N − |x1 − x2| ≤ N . Now suppose
y1, y2 ∈ [1,∞) and |y1 − y2| ≤ N . Then d(g(y1), g(y2)) = d((1, y1), (1, y2)) =
|1− 1|+ |y1 − y2| ≤ N .
Proposition 5.4. Let V be the vase from the previous example. Then V is not
coarsely equivalent to R.
Proof. According to the previous example σ(V ) = 1 and according to [1, Corollary
3.7] σ(R) = 2. 
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